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We construct an explicit example of a generalized Lie 3-algebra from the octonions. In combination with
the result of [S. Cherkis, C. Saemann, arXiv: 0807.0808 [hep-th]], this gives rise to a three-dimensional
N = 2 Chern–Simons-matter theory with exceptional gauge group G2 and with global symmetry SU(4)×
U (1). This gives a possible candidate for the theory on multiple M2-branes with G2 gauge symmetry.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction
Recently, tremendous research activities have been triggered
by the seminal works of Bagger, Lambert and Gustavsson (BLG)
[1], who proposed a Chern–Simons type Lagrangian describing the
world-volume theory of multiple M2-branes. The original BLG the-
ory uses algebraic structure known as Lie 3-algebras (and non-
associative algebras), and they used a single example of a Lie 3-
algebra known as A4. Unfortunately it was later proven [2] that
A4 is essentially the unique possibility if we impose positivity of
the metric. Given this no-go theorem, one possible way to proceed
is to lift the condition that the metric is positive deﬁnite. Theories
with Lorentzian metrics are proposed in [3], and they can real-
ize arbitrary gauge groups. However, the problem of this approach
is that the unitarity of these theories is often not clear, and one
method of making the theory unitary [4] leads us back to the orig-
inal N = 8 super Yang–Mills theory [5].
In another line of development, Aharony, Bergman, Jafferis and
Maldacena (ABJM) [6] proposed three-dimensional Chern–Simons
matter theories with N = 6 supersymmetry with gauge groups
U (N) × U (N) and SU(N) × SU(N).1 Although original ABJM ap-
proach does not use Lie 3-algebras, it was later shown in [7] that
ABJM theory can be understood as a special class of models which
arises by considering generalized algebraic structures (which is
called Hermitian 3-algebras in [8]). This in particular abandons the
antisymmetricity of the structure constants.
More recently, another interesting paper [9] appeared, which
proposes a class of new theories using yet another generalization
of Lie 3-algebras (called generalized Lie 3-algebras) whose struc-
ture constants are not antisymmetric. Based on generalized Lie 3-
algebras, they have constructed three-dimensional Chern–Simons-
E-mail address: yamazaki@hep-th.phys.s.u-tokyo.ac.jp.
1 In this Letter, we do not bother about the differences of the Lie group G and its
associated Lie algebra g.0370-2693 © 2008 Elsevier B.V.
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Open access under CC BY license.matter theories with N = 2 supersymmetry and with manifest
SU(4)×U (1) global symmetry 2 for each generalized Lie 3-algebra.
As examples, they give a class of theories called C2d , but clearly
it is an interesting problem to see whether we have more exam-
ples of theories of this type. From our experience of metric Lie
3-algebras (for which we have the no-go theorem [2]), we expect
that this is a highly non-trivial problem.
In this Letter, we give an explicit example of a generalized
3-Lie algebra by using the octonions. When this algebra is com-
bined with the result of [9], we have a possible candidate for
the theory on the world-volume of M2-branes with exceptional
gauge group G2. The appearance of exceptional gauge group is
particularly interesting, since we do not have such a theory in
three-dimensional theories with higher supersymmetries. For ex-
ample, in ABJM-type theory with N = 6 supersymmetry, the result
of [10] shows that the gauge group is necessarily SU(n) × U (1),
Sp(n) × U (1), SU(n) × SU(n) and SU(n) × SU(m) × U (1) with possi-
bly additional U (1)’s. In theories with N = 5 supersymmetry, the
gauge group is either SO(m) × Sp(n) [11], SO(7) × Sp(1),G2 × Sp(1)
or SO(4) × Sp(1) [12]. In particular, when we want to have ex-
ceptional gauge group G2 with N = 5 supersymmetry, that G2 is
always accompanied by an extra Sp(1), whereas we have gauge
group purely G2 in the theory we consider in this Letter.
The organization of the Letter is as follows. In Section 2, we
brieﬂy review generalized Lie 3-algebras and the work of [9]. In
Section 3, we give an explicit example of a generalized Lie 3-
algebra from the octonions. In Section 4, we discuss the possible
physical implication of this result from the viewpoint of the world-
volume theory on M2-branes. Finally, in Section 5 we conclude this
Letter with summary and discussions. Appendix A is devoted to
some discussions of alternative algebras.
2 The claim of [9] is that we have SU(4) × U (1) R-symmetry, and thus have
N = 6 supersymmetry. As we will discuss later, this is actually not the case and
this SU(4) × U (1) symmetry is in general just a global symmetry.
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Let us ﬁrst give the deﬁnition of a generalized metric Lie 3-
algebra following [9].3
Deﬁnition. A generalized metric 3-Lie algebra consists of an algebra
A with a ternary map [·,·,·] : A3 → A and a symmetric, bilin-
ear, positive deﬁnite pairing (·,·) : A2 → R satisfying the following
properties:
(1) fundamental identity:[
x, y, [a,b, c]]
= [[x, y,a],b, c]+ [a, [x, y,b], c]+ [a,b, [x, y, c]], (2.1)
(2) invariance of the pairing or metric compatibility condition:([x, y,a],b)+ (a, [x, y,b])= 0, (2.2)
(3) the additional symmetry property:([x, y,a],b)= ([a,b, x], y), (2.3)
for all x, y,a,b, c ∈ A.
We can rewrite these conditions in terms of structure constants.
Structure constants f abcd are introduced just as in the case of Lie
3-algebras:[
ea, eb, ec
]= f abcded, (2.4)
where ea ’s are basis of A and hab = (ea, eb).
The conditions we imposed above on generalized metric Lie 3-
algebras can be reformulated using the structure constants. The
fundamental identity reads as
f ef gd f
abc
g = f ef a g f gbcd + f ef b g f agcd + f ef c g f abgd, (2.5)
and the remaining conditions are captured by the symmetry prop-
erties4
f abcd = − f bacd = − f abdc = f cdab. (2.6)
Given a generalized Lie 3-algebra, we can write down the La-
grangian of the theory, using four sets Φ i, Φ¯ i (i = 1, . . . ,4) of
chiral superﬁelds and a vector superﬁeld V . Here we do not write
down the explicit form of the action; see [9] for details. Since the
action is written in N = 2 superﬁeld formalism, it is clear that we
have N = 2 supersymmetry. Global symmetry SU(4)×U (1) is also
manifest from the form of the action.
At this point some readers might wonder whether N = 2 su-
persymmetry in three dimensions is enough to determine the form
of the Lagrangian completely. In fact, the answer is deﬁnitely no.
The possible ambiguity resides in the form of the superpotential
W(Φ), which should be a polynomial in Φ and should be con-
structed from the triple bracket and the metric. Possible forms of
W include:
Wα(Φ) = αi jkl
([
Φ i,Φ j,Φk
]
,Φl
)
and
Wβ(Φ) = β
([
Φ i,Φ j,Φ i
]
,Φ j
)
. (2.7)
The ﬁrst term is similar to the potential term of the BLG the-
ory, whereas the second term is absent in the ordinary (non-
generalized) Lie 3-algebras. In this sense, the theories of [9] are
different from BLG(-type) theories constructed from ordinary Lie
3-algebras.
3 In [9], this is called a generalized metric Lie 3-algebra with pairings. Our termi-
nology here is just for simplicity.
4 The structure constants having these symmetry properties are mentioned brieﬂy
in Appendix C.5 of [13], although the example of structure constants we discuss
below is certainly new.Table 1
Multiplication table of octonions.
e0 e1 e2 e3 e4 e5 e6 e7
e0 e0 e1 e2 e3 e4 e5 e6 e7
e1 e1 −e0 e4 e7 −e2 e6 −e5 −e3
e2 e2 −e4 −e0 e5 e1 −e3 e7 −e6
e3 e3 −e7 −e5 −e0 e6 e2 −e4 e1
e4 e4 e2 −e1 −e6 −e0 e7 e3 −e5
e5 e5 −e6 e3 −e2 −e7 −e0 e1 e4
e6 e6 e5 −e7 e4 −e3 −e1 −e0 e2
e7 e7 e3 e6 −e1 e5 −e4 −e2 −e0
3. An example of a generalized Lie 3-algebra from octonions
In the previous section, we explained general formalism appli-
cable to arbitrary generalized metric Lie 3-algebras. However, we
still have to ﬁnd explicit examples of generalized Lie 3-algebras to
complete the story. In [9], the only example discussed in [9] is the
algebra C2d , and we are deﬁnitely in need of more explicit exam-
ples of generalized Lie 3-algebras. In this section, we thus give an
explicit construction of a generalized Lie 3-algebra using the octo-
nions, which is one of the most famous non-associative algebras in
the literature.5
Octonions O are one of the four normed division algebras (the
other three are R,C and H). It is an important example of alter-
native algebra (see Appendix for deﬁnition of alternative algebras),
which is a special class of non-associative algebra. It is spanned by
8 basis ea (a = 0,1, . . . ,7), whose multiplication table is given in
Table 1. Here we are taking e0 to be an identity.
It is easy to check that this algebra is non-associative; for ex-
ample, (e1e2)e3 = e4e3 = −e6 but e1(e2e3) = e1e5 = e6.
For x ∈ O, deﬁne Rx, Lx : O → O by
Rx(y) = xy, Lx(y) = yx (3.3)
for y ∈ O.
Deﬁne Dx,y by
Dx,y = [Lx, L y] + [Lx, R y] + [Rx, R y], (3.4)
where bracket [−,−] is the commutator as usual. More explicitly,
Dx,y(z) = x(yz) − y(xz) + (zy)x− (zx)y + (xz)y − x(zy). (3.5)
From this deﬁnition, we have
Dx,y = −Dy,x. (3.6)
Now the important fact is that this Dx,y is actually a derivation
[16]. In order words,
Dx,y(zw) = (Dx,y z)w + zDx,y(w) (3.7)
for all x, y, z,w ∈ A. In fact, it is known [16] that any derivation D
can be written as the sum of Dx,y :
D =
∑
x,y
cx,yDx,y (3.8)
for some constants cx,y .
5 See [14] for examples of old discussions of octonions in the context of mem-
branes and [15] for more recent discussions in the context of BLG theories. However,
these works use the so-called “octonionic structure constants” φi jk deﬁned by
eie j = −δi j + φi jkek, (3.1)
or its dual φi jkl in seven dimensions
φi jkl = i jklmnoφmno, (3.2)
which is different from our structure constants f abcd . If we use the notation shown
below (3.19), then the antisymmetric part ΦF of f abcd corresponds to φi jkl .
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[x, y, z] := Dx,y(z). (3.9)
By explicit computations, it is again easy to check that this 3-
bracket is not totally antisymmetric, although it is antisymmetric
with respect to the interchange of x and y due to (3.6).
Having deﬁned our 3-bracket, we now have to verify that our
3-bracket satisﬁes the fundamental identity. The key to prove this
is (3.7). In fact, [x, y, [a,b, c]] = Dx,y(Da,b(c)), and if we use the
explicit expression, Da,b(c) is a sum of products of a, b and c. Now
Dx,y acts as a derivation for each of these terms, and thus on the
whole Da,b(c). This proves the fundamental identity.
Of course, we have to deﬁne a metric on O before verifying
other axioms. Since O is a normed algebra, we have a natural met-
ric. For an element x = x0e0 + · · · + x7e7 ∈ O, deﬁne its conjugate
x∗ by x∗ = x0e0 − x1e1 − x2e2 − · · ·− x7e7. Then the metric on O is
deﬁned by
(x, y) = Re(x∗ y), (3.10)
where Re is deﬁned by taking the e0 component:
Re
(
7∑
a=0
xaea
)
= x0. (3.11)
In particular, for basis ei, e j , we have(
ei, e j
)= δi j (3.12)
and in general
(x, y) =
7∑
a=0
xa ya. (3.13)
This metric is clearly symmetric in x and y. Moreover, since the
metric is diagonal in our basis, we will hereafter not worry about
the differences of upper and lower indices.
Now the metric deﬁned above satisﬁes
(xy, z) = (x, yz) (3.14)
for all x, y, z ∈ O. To prove this, it suﬃces to show that(
eie j, ek
)= (ei, e jek). (3.15)
We only need to verify this when (eie j, ek) = 0, namely eie j = ±ek .
From the multiplication table (Table 1) we learn that e jek = ±ei ,
thus we have proven (3.15).
From (3.14), we can directly that([x, y, z],w)= −([x, y,w], z). (3.16)
In fact,([x, y, z],w)
= (x(yz) − y(xz) + (zy)x− (zx)y + (xz)y − x(zy),w)
= (wx, yz) − (wy, xz) + (zy, xw) − (zx, yw)
+ (xz, yw) − (wx, zy)
= [(wx, yz) − (zx, yw)]+ [(zy, xw) − (wy, xz)]
+ [(xz, yw) − (xw, yz)]
and it is clear from the ﬁnal expression that the result is anti-
symmetric in z,w . Note that in the ﬁnal line, we have used the
identity
(xy, zw) = (yx,wz), (3.17)
6 This deﬁnition of 3-bracket appeared already in the classic paper by Nambu [17]
in 1973.which can again be veriﬁed by similar considerations as in (3.14).
It is another straightforward exercise of octonions to verity that
the remaining axiom of generalized Lie 3-algebras:([x, y,a],b)= ([a,b, x], y). (3.18)
Summarizing, if we deﬁne 3-bracket by (3.9) and metric by
(3.10), then all the conditions of generalized metric 3-Lie algebra
are satisﬁed. In the next section we will see that this algebra gives
an interesting theory when applied to the formalism of [9].
Before ﬁnishing this section, it is probably instructive to com-
ment on the relation of our 3-bracket with previous approaches.
Since the 3-bracket [x, y, z] is antisymmetric in ﬁrst two indices,
the 3-bracket deﬁnes a linear map Φ : ∧2A ⊗ A → A. By decom-
posing ∧2A ⊗ A into
∧2A ⊗ A = ∧3A ⊕ A , (3.19)
Φ is broken down into two components ΦF and ΦL [8]:
1. ΦF : ∧3V → V , which is totally skewsymmetric.
2. ΦL : V → V , which is such that
ΦL(x, y, z) + ΦL(z, x, y) + ΦL(y, z, x) = 0. (3.20)
When Φ = ΦF (i.e. ΦL = 0), [x, y, z] is totally antisymmetric and
we have an ordinary Lie 3-algebra as discussed in [1]. When
Φ = ΦL (i.e. ΦF = 0), the algebraic structure satisfying (3.20) is
called Lie triple systems (see [18] for a recent discussion). For
our 3-bracket [x, y, z], ΦF = 3〈x, y, z〉 = 0 (here we used (A.5) in
Appendix A), where 〈x, y, z〉 is the so-called associator which is
deﬁned by
〈x, y, z〉 = x(yz) − (xy)z. (3.21)
Now recall that the Bagger–Lambert paper [1] constructs 3-brack-
ets from the non-associative algebras by
[x, y, z]BL := 〈x, y, z〉 ± (perm.). (3.22)
Since associator of octonions is antisymmetric with respect to its
three arguments (see Appendix A), we learn that our ΦF (x, y, z)
and [x, y, z]BL coincide. However, we have another piece ΦL(x, y,
z) = [x, y, z] − 3〈x, y, z〉 = 0, and our 3-bracket is a mixture of the
above two. The fundamental identity is not satisﬁed by either ΦF
and ΦL , and only by their sum Φ . This explains the similarities
and differences of our approach and the approach taken by [1].
4. M2-branes with gauge group G2?
Having obtained an example of generalized 3-Lie algebra, we
turn to the physical implication of this result.
Let us study the gauge symmetry of our theory. For that pur-
pose, we need the gauge transformation of gauge ﬁelds:
δ A˜μ
a
b = ∂μλ˜ab + A˜μac λ˜cb − λ˜ac A˜μcb, (4.1)
where A˜μab = f cdab Aμ cd and λ˜ab = f cdabλcd . This is the usual
gauge transformation with parameter λ˜ba . Just as in BLG the-
ory, structure constants are antisymmetric when a and b are ex-
changed, and thus the gauge group is the subgroup of SO(O) 
SO(8). But we can indeed say more than that.
Of course, it is easy to notice that the gauge group is a subgroup
of SO(7). This is because our 3-bracket is zero whenever we have
an identity e0 in one of its arguments:
[x, y, e0] = [x, e0, y] = [e0, x, y] = 0, (4.2)
or in terms of structure constants,
f 0abc = f a0bc = f ab0c = f abc0 = 0. (4.3)
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explicit computations by Mathematica tells us that the dimension
of the gauge group is 14.
In order to determine the gauge group, recall that [x, y,−] acts
as a derivation:
[x, y, zw] = [x, y, z]w + z[x, y,w]. (4.4)
This means that, if we deﬁne λ : A → A by λ · ea = λcd f cdbaeb , we
have
λ(zw) = (λz)w + z(λw). (4.5)
This means that λ is a derivation. Namely, gauge transformations
are contained in the set of derivations of O. Now it is known since
long ago [19] that derivation of O is nothing but the exceptional
Lie algebra G2:
der(O) = G2 ⊂ SO(7) ⊂ SO(8). (4.6)
This means that the gauge group of our theory is G2, as claimed
above.
We have constructed a three-dimensional theory with N = 2
supersymmetry and with SU(4) × U (1) global symmetry. What is
the physical meaning of this fact? First, this is inconsistent (at least
in our example) with statement in [9] that we have SU(4) × U (1)
R-symmetry. Indeed, the classiﬁcation of N = 6 theories in [10]
tells us that theories with N = 6 should have gauge group SU(n)×
U (1), Sp(n) × U (1), SU(n) × SU(n) and SU(n) × SU(m) × U (1) with
possibly additional U (1)’s, and no G2 gauge groups are allowed.
Thus SU(4) × U (1) should be considered as a global symmetry,
rather than a R-symmetry.
Second, the appearance of non-associative algebras and gener-
alized Lie 3-algebras strongly suggest the connection to membrane
physics. Unfortunately, the connection of generalized Lie 3-algebras
and world-volume theories on M2-branes are currently not known,
but our theory is certainly the possible candidate for the world-
volume of M2-branes with gauge group G2. If this is indeed the
case, this would be a novel way to realize exceptional gauge sym-
metry in M-theory.7
5. Summary and discussions
In this Letter, we gave an explicit example of a generalized
Lie 3-algebra, using one of the most famous example of non-
associative algebras, namely the octonions. When combined with
the result of [9], we have three-dimensional Chern–Simons-matter
theories with gauge group G2 and with global symmetry SU(4) ×
U (1). The appearance of generalized Lie 3-algebra suggests that
this theory is a possible candidate for the theory on M2-branes
with exceptional gauge group G2.
This raises many questions which need further exploration.
First, it would be interesting to study the moduli space of this the-
ory. Just as in the BLG/ABJM theories and their variants [6,20], this
will give invaluable information about the physical interpretation
of our theory. Related to this question is the reduction to type IIA
theory (probably along the lines of [21]). The G2 gauge symmetry
should be broken into a smaller symmetry group in this process.
We can also envisage possible generalizations. In this Letter,
we have taken octonions as an example, but our strategy should
be much more general. As written in Appendix A, much of our
construction applies to a wider class of non-associative algebras
known as alternative algebras, and it would be interesting to con-
sider generalizations to other alternative algebras. Aside from al-
ternative algebras, another interesting class of non-associative al-
gebras is Jordan algebras. Interestingly, other exceptional gauge
7 Another way to realize exceptional gauge symmetries in M-theory is to consider
compactiﬁcation of M-theory on K3 surfaces with ADE singularities.groups F4, E6, E7 and E8 are related to Jordan algebras in interest-
ing way [22] (for example, F4 is equal to Isom(OP2), where OP2 is
an octonionic projective plane), we have the hope of constructing
theories with these exceptional gauge groups.
Finally, in BLG theory, we have obtained a class of theories by
relaxing the condition of positivity of the metric [3]. The same
strategy should also work of our case as well. For example, we
have an algebra split-octonion, which has signature (4, 4), as con-
trast to the ordinary octonions whose signature is (8, 0). Although
the issue of unitarity is subtle, these algebras might has some role
to play in physics.
Note added
After the completion of version 1 of this Letter, we received a paper [8] which
discusses general theory of generalized Lie 3-algebras. In particular, they show
that there exists a one-to-one correspondence between a generalized metric Lie
3-algebra and a pair consisting of a Lie algebra and its faithful orthogonal repre-
sentation. In this general framework, our example is constructed from a Lie algebra
G2 and the octonions as its eight-dimensional representation, which in turn decom-
poses as 8 = 7 + 1 as can be seen in (4.3). Still, it still seems highly non-trivial to
check explicitly that the 3-brackets deﬁned from Eq. (9) of [8] matches with our
deﬁnitions of 3-brackets. We thank José Figueroa-O’Farrill for valuable comments
on this point.
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Appendix A. Alternative algebras
In this section we collect some useful facts about alternative
algebras, some of which are used in the main text. See [16] for
details of these algebras.
An alternative algebra is a special class of non-associative alge-
bra A which satisﬁes(
x2
)
y = x(xy), y(x2)= (yx)x (A.1)
for all x, y ∈ A. These two equations are known respectively as
the left and right alternative laws. From the multiplication table of
octonions shown in Table 1, it is easy to show that the octonions
satisfy these conditions.
If you deﬁne an associator 〈x, y, z〉 by
〈x, y, z〉 = x(yz) − (xy)z, (A.2)
then this is equivalent to
〈x, x, y〉 = 〈y, x, x〉 = 0. (A.3)
From these identities, we have
0 = 〈x+ y, x+ y, z〉 = 〈x, y, z〉 + 〈y, x, z〉, (A.4)
and thus 〈x, y, z〉 = −〈y, x, z〉. Proceeding in a similar way we can
prove that associator is antisymmetric:
〈zσ(1), xσ(2), xσ(3)〉 = sgn(σ )〈x1, x2, x3〉. (A.5)
In particular means that we have
〈x, y, x〉 = 0, (A.6)
or
(xy)x = x(yx), (A.7)
which is called the ﬂexible identity.
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